INTRODUCTION w x
In 8 , K. Morita introduced a useful notion of duality between categories of modules, usually called ''Morita duality.'' He proved that every duality is given by contravariant hom functors defined by a bimodule which is an injective cogenerator for both categories of modules. On the other hand, the equivalences between categories of comodules over a coalgebra w x were characterized by M. Takeuchi 12 . In this paper, we study the dualities between categories of comodules. A notion of duality for general Grothendieck categories that seems to extend Morita duality satisfactorily w x was introduced by R. R. Colby As a consequence, we will show that every Colby᎐Fuller duality between coalgebras is determined by a bicomodule which is a quasi-finite injective cogenerator for both categories of comod-Ž . ules Corollary 1.8 . To achieve these results, we need to prove some facts on equivalences.
In Section 2 we will show that if C and D are Colby᎐Fuller dual or Takeuchi-equivalent cocommutative coalgebras, then they are isomorphic Ž . Theorem 2.11 .
Our basic references on coalgebras, comodules, and abelian categories w x are 11, 12, 2 .
EQUIVALENCE AND DUALITY
Fix a commutative field k. Let C be a coalgebra over k with comultipliw x cation ⌬ : C ª C m C and counit ⑀ : C ª k. We refer to 11 for the 
M
Assume that X and Y are, respectively, right and left comodules over a coalgebra C. The cotensor product X I Y is defined as the kernel of the 
where the direct limit is made in the category M M
D
. Now we will show that Ž . Ä 4 the definition of F M does not depend on the direct system M :
F M , where this direct limit is
Of course, we can choose as direct system for M the set of all finite-dimensional subcomodules of M. Now, we will define F on morphisms.
and N s D N , as direct union of direct systems of finite-dimensional
gI=J, let f : M ª N be the morphism given by restriction of f :
can be proved, as before, that this definition does not depend on the choice of the direct-union representations of M and N and that, in this
way, we obtain a covariant functor F:
as direct union of finite-dimensional subcomodules, and
Ž . 
M M
Since every equivalence preserves direct limits, it follows that the equivalence F is determined by F up to natural isomorphisms. 
comodule of finite length and, so, it is finite-dimensional. Therefore, F induces by restriction an equivalence
follows now from Proposition 1.1.
A duality between abelian categories is a contravariant equivalence between them. Consider contravariant functors between abelian categories gory of A A of all the objects of finite length. This notation is consistent with that introduced for categories of comodules.
LEMMA. If H: A A ª B B is a Colby᎐Fuller duality, then the restriction functor H
Proof. Every object A of A A is an epimorphic image of a finite direct f sum of reflexive generators, whence A itself is reflexive. In particular, Ž . every simple object of A A is reflexive. Therefore, H S is simple for every Ž . simple object S of A. It is easy to prove by induction that H A has finite length for every A g A A of finite length. Therefore, H f is well-defined and it is a duality. w x C A coalgebra C is said to be right semiperfect 7 if the category M M has w x enough projectives. In 5 we showed that the notion of semiperfect coalgebra is intimately related to the concept of Colby᎐Fuller duality. On the other hand, the existence of a Colby᎐Fuller duality entails consew x quences about the linearly compact objects of the categories 4 . A full subcategory L L of a Grothendieck category A A is said to be linearly compact
isomorphic to the full subcategory of U Mod of all the rational left C C U -modules. We will identify these categories. Let us denote by Rat: U Mod ª M M C the functor that maps a left C U -module M onto its C Ž . largest rational submodule Rat M . This functor is a left exact preradical for any coalgebra C. Of course, there is another rational functor Rat:
duality. Finally, observe that M M C is a fully reflective subcategory of U Mod, i.e., the reflector Rat: U Mod ª M M C is right adjoint to the obvious
system of right C-comodules, then the projective limit in M M C is computed Ž .
U as Rat lim M , where lim M is computed in Mod. However, the direct
The following statements are equi¨alent for a coalgebra C.
phism. Since M and N are finite-dimensional for every i, we have natural
direct system of finite-dimensional subcomodules of M. For each i g I, consider the exact sequence
obtain a commutative diagram with exact rows
where the vertical arrows are isomorphisms. Apply the functor Rat( ᎐ to obtain a commutative diagram
with exact rows. We must prove that the map
is an epimorphism. To do this, consider the inverse system of epimor- 
which extends to the Colby᎐Fuller duality H:
naturally. This finishes the proof. Ž . Ž . We will finish this section by showing that a k-linear abelian category which is dual to a category of comodules is equivalent to a category of comodules.
Remark. It follows easily from our results that if P is a C, D -

THEOREM. Let A A be a k-linear abelian category. Assume that there is a k-coalgebra D and a Colby᎐Fuller duality
The following statements are equi¨alent.
ii D is right semiperfect 
lim H M ( H HB ( H HA
( A and A is generated by a set of objects i of finite length of A A.
Ž . Ž .
C iii « i Assume that A A is equivalent to M M for some coalgebra C C. We know that M M is locally finite, and so is A A.
CO-COMMUTATIVE DUAL COALGEBRAS ARE ISOMORPHIC
A subcoalgebra A of a k-coalgebra C is a subspace of C such that Ž .
. gebra A is a coalgebra with structure maps comultiplication and counit defined as the restrictions of the structure maps of C to A. Every right A-comodule M with structure map M ª M m A is canonically a right C-comodule with structure map
which is an ideal of the algebra C U . Analogously, for every ideal I of C U , the set
is a subcoalgebra of C. The equality A H H s A holds for any subcoalgebra A of C.
Consider an equivalence of categories 
It is easy to check that the corestriction functor M M
Proof. First, observe that, since F is an equivalence, it is easy to prove Ž . Ž . Ž . F C C . Let us denote by Subco C the set of all subcoalgebras of C, A endowed by the partial order given by the inclusion relation. This order Ž . determines a lattice structure on Subco C , where the infimum is given by the intersection and the supremum is given by the sum of subcoalgebras.
Ž . Ž . By Lemma 2.1, the map : Subco C ª Subco D induced by the equiva- 
Ž . Ž .
Proof. 1 A is finite-dimensional if and only if it is an element of Ž . finite length in the lattice Subco D . Since A is of finite length in the Ž . Ž . lattice Subco C , we can apply Proposition 2.2 to obtain that A is finite-dimensional. 
Ž . to M M
, it follows that A and A are Takeuchi-equivalent coalgebras.
2.4. Remark. It follows from Theorem 1.7 that if there is a Colby᎐Fuller duality between C and D, then we can define a lattice Ž . Ž . isomorphism : Subco C ª Subco D for which Proposition 2.3 holds. C-comodules G B ª A for some index set I. Apply the equivalence F to obtain the monomorphism of right D-comodules U . other hand, we will use the notation Cen C for the centre of the algebra C U .
Ž .
PROPOSITION. For any subcoalgebra A of C, A s
Proof. Some routine computations prove that ⌽ is an algebra homo- ( . But is a monomorphism, whence s 0 and, thus, s 0.
Now, we will show that ⌽ is surjective. Given c g Cen
is C U -linear, and, so, it is a morphism of right C-comodules. This pro-
C
Let us now return to our equivalence
Ž .
D D
Proof. First, we must show that F : 1 ª 1 is a natural trans-
, apply the functor F to obtain the naturality. It is easy to
is an algebra homomorphism. Next, we is commutative. For a subcoalgebra A of C, the inclusion map induces a surjective algebra homomorphism C U ª A U that defines, by restriction, an algebra Proof. We must prove that g ( ⌽ ( F ⌽ y1 s ⌽ ( F ( ⌽ y1 ( f. We proof.
